A note on finite-element spectral computations for integro-differential operators  by Dang, P.T.D.
Pergamon 
Appl. Math. Lett. Vol. 8, No. 4, pp. 43-46, 1995 
Copyright©1995 Elsevier Science Ltd 
0893-9659(95)00044.5 Printed in Great Britain. All rights reserved 
0893-9659/95 $9.50 + 0.00 
A Note on 
Finite-Element Spectral Computat ions 
for Integro-Differential Operators 
P. T. D. DANG 
l~quipe d'Analyse Num~rique de Lyon-Saint l~tienne 
Unit~ Associ~e au C.N.R.S. N ° 740 
23, rue Dr. Paul Michelon, 42023 Saint-l~tienne, France 
(Received February 1995; accepted March 1995) 
Abst rac t - -Th is  work deals with the numerical computation f eigenvalues and invariant subspaces 
of an integro-differential operator by finite element methods. 
Keywords--Integro-differential operators, Eigenvalues, Maximal invariant subspaces, Spectral 
convergence. 
1. INTRODUCTION 
The basic problem to be studied in this paper is the following. 
Given E, the set of measurable functions on [0, 1] with a summable square equipped with its 
standard inner product, 7:) the subset of C of sufficiently differentiable functions which vanish on 
the boundary and the integro-differential operator L + K from 7:) into E defined by an integral 
operator K and a differential operator L, compute approximations of its spectral elements. 
A typical example may be Lu(s) = -~(s)u"(s) + ~(s)u'(s) and Ku(s) = f[0,1] k(s,t)u(t) dr, 
where ¢, ~ and k are sufficiently regular functions. 
The method presented in this paper is based on the idea of replacing a weak version, say T, 
of L + K by an approximation Tn whose spectral elements are easy to compute. When this ap- 
proach is chosen, commonly in practice, to a nonzero eigenvalue A ofT,  there is associated a subset 
An = {Al,n, A2,n,. •., Arn,~} of r~ different eigenvalues of Tn which may be interpreted as the ap- 
proximations of A produced by T~. To each A j, n is associated a maximal invariant subspace J~j,n 
of T,~. If M denotes the maximal invariant subspace of T corresponding to A, we should expect 
Mn = (~j=l Mj,n to be a gap approximation to M.  This implies that dim Mn = dim A4 for 
n large enough, which means that the sum of the r n algebraic multiplicities corresponding to the 
eigenvalues in An equals the algebraic multiplicity of the exact eigenvalue A. At the same time, 
we expect the set ~J,~N An to have A in its closure. 
The natural framework of our research is a complex Hilbert space (7-/, [. I~). Let M be a 
finite-dimensional linear subspace of 7-/, flf a closed linear subspace of 7-/. We recall that the 
gap between A/I and AT is equal to the norm of the difference between the respective orthogonal 
projections onto these subspaces. 
We shall consider an operator T C/2(7-/) the Banach algebra of bounded linear operators in 7-/. 
As an approximation to T, we take a sequence Tn of linear operators defined in 7~. 
Let J (A,  T) denote the set of all Jordan curves lying in the resolvent set re(T) of T isolating A 
from 0 and from the rest of spectrum sp(T) of T. 
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We recall that if I denotes the identity in 7"/, then for all F • J (A ,T) ,  the integral P = 
1 f r (T_  z i ) - i  dz is independent of P and defines the spectral projection of T associated to A. 2~ri 
For each z • re(T), R(z) = (T - zI) -1 • £(7-/) is the resolvent operator of T at z. It is natural 
to conceive P ,  = 1 -~  fr(T,~ - zI)  -1 dz as an approximation to P. Let m = dim PT-/denote the 
algebraic multiplicity of A which is supposed to be finite. 
2. ABOUT SPECTRAL  CONVERGENCE 
DEFINITION 2.1. An • E(7"l) is a self-range-uniform approximation to A • E(TI) iff 
(SRU1) An is pointwise convergent to A. 
(SRU2) (An - A)A~ converges in norm to O. 
These conditions were introduced in [1]. 
LEMMA 2.2. Let P and P~ be defined as before. Suppose the pointwise convergence of Pn to P. 
Then the following are equivalent: 
(i) Pn is a self-range-uniform approximation to P. 
(ii) The gap between P~7-I and PT-/tends to 0 as n tends to infinity. 
PROOF. Cf. [2]. I 
In [2], Ahues and Hocine propose the following notion of convergence, specially concerned with 
spectral approximation. 
DEFINITION 2.3. T,  is a spectral approximation to T at A if given any curve F • J (A ,T )  the 
sequence of approximate spectral projections Pn is a serf-range-uniform approximation to the 
spectral projection P. 
THEOREM 2.4. 
(i) I f  T is compact and Tn a self-range-uniform approximation to T, then Tn is a spectral 
approximation to T at each nonzero isolated eigenvalue of finite algebraic multiplicity. 
(ii) Let A~ be the arithmetic mean (counting algebraic multiplicities) of the eigenvalues in An. 
Then I~n - A I _< cl(TnPn - TP)P Ic(~ ) where c is a positive number independent ofn.  
PROOF. Cf. [2]. I 
3. COMPUTATIONS WITH F IN ITE  ELEMENTS 
Instead of studying the equation Lu + Ku  = Au in the space g, we transform this equation 
into a weak problem in 7-/a subspace of g as usual: 
A c £(7-/) is such that (Au, v)n = (Lu, v)s ,  Y(u, v) E l) x 7-l, 
B E/2(7-/) is such that (Bu, v)~ = (gu,  v>e, V(u, v) 6 Z) x 7-l, 
C E £(7-/) is such that (Cu, v}~ = (u, v>e, V(u, v) E 7? x 7-/. 
LEMMA 3.1. Let (g, (., ')e) and (7-l, (., .}~) be two Hilbert spaces such that: 
(i) 7-g c_ £ and 7"/is dense in g, 
(ii) the canonicM injection from 7-/into g is compact, 
then, there exists an endomorphism C of ~ such that 
(Cu, v)~ = (u,v)e, Vu, v • ~. 
Moreover, C is injective, continuous, ~-self-adjoint and compact. 
PROOF. It is easy to prove that C is injective, continuous and 7~-self-adjoint. Let B denote 
the closed unit ball 7/. Let (Yn)n C_ C(B) so that 3xn • B such that Cxn = yn. Since C(B) is 
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bounded in 7-/, this set is relatively compact in $ (because the canonical injection from ~ into E 
is compact) and there exists a subsequence (Ym)m of (Yn)n tending to some y in E. We associate 
to (Ym)m the corresponding subsequence (Xm)m of (Xn)n. The subsequence (Xm)m is a subset 
of B which is a bounded subset of ~/. There exists a subsequence (%)p of (Xm)m tending to an x 
in $. We consider the corresponding subsequence (yp)p of (Ym)m and we have: 
Cxp = yp, Vp Xp ~ x in $, yp ~ y in E. 
To each w E 7-/, we associate ¢(w) -- (y, w)e, and we have 
<yp, Cw>~ = <yp,W>E =(Cxp, Cw>~ = <Xp, Cw>~. 
Since yp ~ y in E and xp --~ x in C, then 
(y, w)e = (x, Cw)E , Yw E ~. 
¢ is a continuous linear form of ~,  thus there exists Z E ~ such that 
¢(w) = <z, w>~, v~ ~ ~. 
In the same way, we define the linear form ¢ by Vw E 7-/, ¢(w) = (x, w)¢ and there exists Y E 7-I 
such that Vw E ~,  ¢(w) = (Y,w>~. So Vw E 7-/, <z, Cw>e = ¢(Cw) = (Y, Cw)n = (CY, w)~ = 
(Z,w>~. Thus, Z -- CY in 7-/. But <Z,w)~ = (Y,W>E = (CY, w).~ = (Y,w)e so (y - Y,w)e = 0 
and y - Y is orthogonal to T/ in ($, <, >e). Since ~ is dense in E, we get y = Y in E but Y E T/, so 
we have y E 7-/. Hence, Vw E 7-/, ¢(w) = (Y, w); u = (y, w>u = ix, w)e. Now we show that yp --~ y 
in T/. We have 
<y. - y, vp - y>~ = <up, y .  - y>~ - <y, y .  - y>~ 
= <cxp, v. - y>~ - <y, yp - y>~ 
= <x., yp - y>E - <x, y .  - y>e 
-- <xp - x, yp - y>E -< Ix. - zIE lyp - YI~ --* 0, 
as p --* co. I 
THEOREM 3.2. Let ~ be a Hilbert space. Set T = (A+B) - IC  where A, B, C, (A+B)  -1 E £:(~) 
and C is compact. Let An, BE, and Cn be sequences of linear continuous operators on TI. Let 7-/n 
be a finite dimensionM subspace of TI and Ha the orthogonal projection onto Tln. If 
(H1) An, BE, and C~ are pointwise convergent to A, B and C, respectively, 
(H2) for a11 n large enough, there exist a,~ and fin such that Cn = anCfln, an and fl,~ being 
pointwise convergent to the identity I, 
(H3) for all n large enough, An(~), Bn(7-l), and Cn(TI) are subsets of Tl,~, 
(H4) Kin is pointwise convergent to I. 
(H5) for all n large enough, the restriction (An + Bn)[~. is invertible, 
(H6) there exists M > 0 such that, for all n large enough, I(An + B~)I~I [u. < M, then 
Tn = (An + Bn)I~ Cn is a spectral approximation to T. 
PROOF. We remark that T is compact. The result will follow from Theorem 2.4 if we prove 
pointwise convergence of Tn to T and that [(Tn -T)T~I~(n)  tends to 0 as n tends to infinity. For 
u E 7-/, we have 
IT,~u - Tulu = I(A, + B, ) I~ ~ C,~u - (A + B)-~CuIu 
n,  
= [(A~ + Bn)l~ ~ Gnu - H~(A + B) - lCu  - (! - 1-in) (A + B)-~Culn 
n 
_< I(A. + B . ) I~ '  (C .~ - (A.  + ~. ) I~ .n . (a  + B) -~C~)]~ 
+ [(I - H,~) (A + s ) - lCu[~ 
< I(Ar, + B,-,)IT~' I~ IcE u - (An + BE)(A + B)-~Culu 
+ I(/-  n,~) (g + B)-~Cul~ 
<_ M ICnu - (A,~ + B,~)(A + B)-'culn + [(z - n,~) (A + B)-*C~[~. 
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But limn-.oo (An + Bn) (A + B) - ICu = (A + B)(A + B) - ICu  = Cu, lin~--.oo Cnu = Cu, so 
limn-~oo (I - IIn) (A + B) - ICu  = O. Hence, limn-~co ]Tnu - Tu[ n = O. In the same way, 
](An + B,~)l~x IInu - (A + B)uln 
= I(An + Bn) ln l .  Hnu  - IIn(A + B)-lu - (I - Un) (A + B)-luln 
<_ I(An + Bn)l~' (Hnu- (An + Sn)[n,  Hn(A + S)- lu)  In + [ ( I -  nn)(A + B) - lu l~ ,  
which tends to 0 as n tends to oo. 
Hence, (An + Bn)-l l~,Hn is pointwise convergent to (A + B) -1. Moreover, 
I(Tn - T)  Tn[z:(u) = I(Tn - T)  
= I(Tn - T) 
= I(Tn - T) 
_< I(Tn - T) 
(An + Bn)I~I C, dL(n) 
(An + Bn)l~l HnCnl£(~) 
(An + Bn)lnl IIno~nC',Onl£(n) 
(An + Bn)l~' IInanClL(n)If~nlL(~) •
The Banach-Steinhaus Theorem implies that t/3nlL(n) is bounded independently of n, and (Tn-T) 
(An -1- Bn)l~lIInc~n is pointwise convergent to 0. Since C is compact, limn-.oo [(Tn - T) 
(An + Bn)t~lHn~nCt£(~)ll3nl£(n) = 0. | 
Let us notice that the Galerkin approximations of A, B and C which are HnAHn, HnBHn, 
and HnCHn always verify the hypotheses (H1), (H2), (H3) and (H4). The hypotheses (H5) 
and (H6) have to be verified in each particular case. 
To illustrate our work, we study the eigenvalues of the integro-differential operator u ~-~ 
1 . t/ 1 1 -=-~ + T fo u(t)dt which satisfies all our hypotheses. The maximal invariant subspaces co- 
incide with the eigenspaces. 
Computations have been done with 100 uniform elements of class ]?1. 
E igenva lue  Exact  Re lat ive  error  in the  Re la t ive  error  in the  
pos i t ion e igenvalue approx imate  igenvalue approx imate  igenspace 
1 8 .2E  - 2 1st 
11 th 
21 st 
31 st 
41st 
51 st 
61 st 
71 st 
81 st 
91 st 
121 1.0E - 
441 3 .8E  - 
961 8 .3E  - 
1681 1.5E - 
2601 2 .3E  - 
3721 3 .2E  - 
5041 4 .1E  - 
6561 4 .4E  - 
8281 3 .7E  - 
6 .0E  - 6 
1 .1E - 5 
1 .5E - 4 
8 .1E  - 4 
2 .9E  - 3 
8 .4E  - 3 
2 .1E  - 2 
4 .8E-  2 
9 .8E  - 2 
1 .7E  - 1 
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